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QED calculations of the n = 2 to n = 1 x-ray transition energies in middle-Z heliumlike ions
A. V. Malyshev, Y. S. Kozhedub, D. A. Glazov, I. I. Tupitsyn, and V. M. Shabaev
Department of Physics, St. Petersburg State University, Universitetskaya 7/9, 199034 St. Petersburg, Russia
Ab initio QED calculations of the four x-ray transitions from the L to K shell in heliumlike argon, titanium,
iron, copper, and krypton are performed. The binding energies for all the n = 1 and n = 2 states are eval-
uated as well. The calculation approach combines the rigorous QED treatment in the first two orders of the
perturbation theory constructed within the extended Furry picture with the third- and higher-order correlation
effects evaluated in the Breit approximation. The obtained results are compared with the previous evaluations
and available experimental data.
INTRODUCTION
Bound-state quantum electrodynamics (QED) has proved
to be an efficient tool to predict the binding and transition en-
ergies in highly charged ions, see Refs. [1–8] for the corre-
sponding high-precision measurements and Refs. [9–18] for
the related theory. Heliumlike ions represent the simplest few-
electron systems where many-electron relativistic and QED
effects can be studied. There are many systematic theoreti-
cal investigations of He-like ions [19–25]. To date, the most
elaborated treatment of the energies of ground and low-lying
excited states in heliumlike highly charged ions has been per-
formed in Ref. [26], where the second-order two-electron
QED contributions were rigorously evaluated to all orders
in αZ (α is the fine structure constant and Z is the nuclear
charge number) for Z > 12. The theoretical predictions from
Ref. [26] were generally in good agreement with the avail-
able at that time experimental data for theKα [27–29] as well
as intra-L-shell [30–32] transition energies, for more detailed
comparison see Table VIII in Ref. [26].
A new great interest to middle-Z heliumlike ions has been
triggered by Chantler and co-authors [33, 34]. In Ref. [33],
based on the high-precision measurement of x-ray resonance
line in He-like titanium and a statistical analysis of the pre-
vious experimental data, it was claimed that there is a dis-
crepancy between experiment and the theoretical predictions
obtained by Artemyev et al. [26] which grows approximately
asZ3. As a response, a number of newmeasurements of the x-
ray transitions in heliumlike ions has followed [35–40]. New
statistical analyses based on the extended sets of experimental
data have been undertaken [39–41]. These investigations have
refuted the aforementioned Z3-deviation trend. Nevertheless,
in view of the general scatter of the experimental values the
issue of independent ab initio calculations of the transition
energies in heliumlike ions has become very urgent.
There are some points in Ref. [26] that can be improved
employing the most advanced methods which are available to
date. In our recent work [42] we revisited the contribution of
the nuclear recoil effect to the low-lying energy levels of two-
electron ions. Having treated this effect in a more accurate
way and compared with the results from Ref. [26], we have
shown that the nuclear recoil contribution can not be respon-
sible for the discrepancy declared by Chantler et al.. In the
present work we address all the other contributions and per-
form from scratch the rigorous QED calculations of the n = 2
to n = 1 transition energies in middle-Z heliumlike ions
within the extended Furry picture. Namely, the x-ray transi-
tions from levels 1s2p 1P1, 1s2p
3P2, 1s2p
3P1, and 1s2s
3S1
to the 1s2 1S0 ground state, which are traditionally denoted as
w, x, y, and z [43], respectively, are evaluated for heliumlike
argon (Z = 18), titanium (Z = 22), iron (Z = 26), copper
(Z = 29), and krypton (Z = 36). The obtained results are
compared with the theoretical predictions from Ref. [26] and
available experimental values.
THEORETICAL METHODS
The Furry picture of QED is generally recognized as a good
starting point for description of highly charged ions. To ze-
roth order, within this picture the interelectronic interaction
is neglected and the electronic states in the presence of the
nuclear Coulomb potential Vnucl are considered. This means
that within the initial approximation electrons obey the one-
electron Dirac equation. The interaction with other electrons
and with the quantized electromagnetic field are treated by the
QED perturbation theory which can be formulated employing,
e.g., the two-time Green’s function (TTGF) method [44]. It is
precisely this approach that was used in Ref. [26] to evaluate
the ionization energies of He-like ions.
Nowadays, the state-of-the-art methods of bound-state
QED are limited by the consideration of the second-order
contributions. Therefore, it is impossible to account for
the higher-order interelectronic-interaction corrections to the
Lamb shift rigorously in the framework of bound-state QED.
However, one can do it partially by employment of the ex-
tended version of the Furry picture. In the extended Furry
picture the nuclear potential is replaced with some effective
potential: Vnucl → Veff = Vnucl+Vscr, where the local screen-
ing potential Vscr models the interaction of electrons. Obvi-
ously, one has to account for the counterterm δV = −Vscr,
that leads to new Feynman diagrams to be evaluated. The ex-
tended version of the Furry picture was successfully applied to
the high-precision QED calculations of the atomic properties
in highly charged ions [12, 14–16, 45–50] and many-electron
atoms [51–54].
An additional difficulty from the theoretical point of view
is that the 1s2p 1P1 and 1s2p
3P1 states are quasidegenerate.
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FIG. 1. Second-order two-electron Feynman diagrams and corre-
sponding counterterm diagrams arising in the extended Furry picture.
A double line denotes the electron propagator in the binding poten-
tial. A wavy line corresponds to the photon propagator. A circle with
a cross represents the counterterm δV .
The treatment of such states is considerably more complicated
than in case of a single level. To describe this pair of quaside-
generate states, the TTGF method involves the evaluation of a
2×2matrixH which should include all the relevant contribu-
tions [44]. The matrix H is calculated by the perturbation
theory starting from the unperturbed states (1s2p1/2)1 and
(1s2p3/2)1 defined in the jj-coupling. The total binding ener-
gies of the 1s2p 1P1 and 1s2p
3P1 states can be determined by
diagonalizing the matrixH . This scheme was realized first in
Refs. [26, 55]. Alternative approaches to some of the second-
order contributions were considered in Refs. [56, 57].
In the present work, the formalism applied in Ref. [26] for
ab initio calculations of the second-order two-electron QED
contributions (Fig. 1, the first and second columns) has been
thoroughly revised and extended to the case when a screen-
ing potential is incorporated into the zeroth-order approxima-
tion. The corresponding one- and two-electron counterterm
diagrams are shown in the last two columns of Fig. 1. We have
performed the calculations with the use of two different types
of effective potential. The core-Hartree (CH) and local Dirac-
Fock (LDF) screening potentials were employed in order to
partially account for the higher-order electron-electron inter-
action effects. The construction procedures and applications
for these potentials can be found, e.g., in Refs. [47, 51, 58].
Moreover, in order to examine the accuracy of the results ob-
tained in Ref. [26], we have performed the calculations within
the standard Furry picture for the Coulomb potential as well.
Consideration of the two-loop one-electron diagrams com-
pletes the QED treatment of the energy levels in He-like ions
(a)
Artemyev et al.
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This work
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2014
Machado et al.
2018
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He-like Ar16+
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1989
Chantler et al.
2012
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(c)
Artemyev et al.
2005
This work
Aglitsky et al.
1988
Beiersdorfer et al.
1989
Rudolph et al.
2013
Kubicˇek et al.
2014
6700.40 6700.50 6700.60 6700.70
zoom
He-like Fe24+
Energy (eV)
6700.432 6700.442
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2015
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FIG. 2. The w(1s2p 1P1 → 1s
2 1S0)-line transition energy in He-
like ions: (a) argon; (b) titanium; (c) iron; (d) copper; (e) krypton.
Our theoretical prediction and the result by Artemyev et al. [26],
reevaluated using the CODATA 2014 recommended values of the
fundamental constants [59], are given as blue dots. The theoreti-
cal uncertainty of the present calculations is shown as a blue area.
The selected experimental values are given as red crosses and are
from the following sources: Ar16+, Refs. [37, 40, 60]; Ti20+,
Refs. [28, 33]; Fe24+, Refs. [28, 35, 37, 61]; Cu27+, Refs. [39, 61];
Kr34+, Refs. [38, 62].
to second order in α within the Furry picture [11, 18, 63]. Ab
initio calculation of these contributions to all orders in αZ is
a very challenging problem. The breakthrough in this field is
represented by the all-order calculations of the two-loop self-
energy corrections by Yerokhin et al. [11, 18, 63]. However,
3some two-loop diagrams are still evaluated only within the
free-loop approximation [64]. To account for these contribu-
tions we use the results compiled in Ref. [17].
The evaluation in the Coulomb potential of the contribu-
tions corresponding to the diagrams in Figs. 1(a) and (b) al-
lows one to treat the correlation effects to second order in 1/Z
rigorously within QED. Extending the calculations to the case
with a screening potential included into the initial approxima-
tion [this implies consideration of the counterterm diagrams
in Figs. 1(c) and (d)] provides an opportunity to cover the
higher-order corrections partly. Nevertheless, the remaining
part of the interelectronic interaction has to be taken into ac-
count at least within the lowest-order relativistic approxima-
tion. In Ref. [26] the issue to evaluate the correlations effects
of third and higher orders in 1/Z was addressed by summing
terms of the 1/Z expansion. The corresponding coefficients
were taken from Refs. [65, 66] for nonrelativistic energies and
from Ref. [19] for the Breit-Pauli correction. Within the ex-
tended Furry picture this approach is no longer valid. There-
fore, for all the potentials we evaluate this contribution on
the basis of the Dirac-Coulomb-Breit Hamiltonian employ-
ing the two independent methods. The first one is the rela-
tivistic configuration-interaction (CI) method based on Dirac-
Sturm orbitals [67]. The procedure how to extract the desired
higher-order interelectronic-interaction contribution from the
total CI result for the case of a single level was discussed,
e.g., in Refs. [14, 16, 47]. In the present work, this procedure
has been generalized to deal with the quasidegenerate states.
The second method directly yields the third- and higher-order
contributions by means of the recursive perturbation theory.
The description of this approach for a single-level case can be
found in Refs. [47, 68]. In order to generalize the perturbation
theory to the case of the quasidegenerate states, we used the
combinatorial algorithm proposed in Ref. [69]. The results
obtained employing these two different approaches are found
to be in good agreement. The details of both methods will be
published elsewhere.
Finally, one has to account for the nuclear recoil effect
which lies beyond the external-field approximation, that is be-
yond the Furry picture. The detailed analysis of the nuclear
recoil contribution to the energy levels in He-like ions was
presented in Ref. [42]. We have extended this scheme to in-
clude the screening potential into the unperturbed Hamilto-
nian. Moreover, to be consistent with the most recent compi-
lation of the Lamb shift in H-like ions [17], we have taken into
account the small correction due to the reduced-mass depen-
dence in the one-electron self-energy, vacuum-polarization,
and two-loop QED contributions, see Ref. [17] for details.
All the calculations have been performed employing the
Fermi model for the nuclear charge distribution. The most
abundant isotopes are selected, and the nuclear radii are taken
from Ref. [76].
NUMERICAL RESULTS AND DISCUSSION
As noted above, in our calculations the zeroth-order ap-
proximation is given by the two-electron wave functions con-
structed in the jj-coupling from the solutions of the one-
electron Dirac equation. We study all the states (1s nlj)J ,
where nlj = 1s, 2s, 2p1/2, 2p3/2 and J is the total angu-
lar momentum. In order to keep better under control the
accuracy of the calculations, we have performed them with
the Coulomb, LDF, and CH potentials. The individual con-
tributions to the binding energies of He-like argon are pre-
sented in Table I. For the mixing configurations, (1s2p1/2)1
and (1s2p3/2)1 denote the diagonalH-matrix elements, while
“off-diag.” stands for the off-diagonal contributions. The
∆EDirac value is the energy obtained from the Dirac equation.
The first- and second-order interelectronic-interaction con-
tributions calculated employing the rigorous QED approach
and the higher-order correlation corrections evaluated within
the Breit approximation are given by ∆E
(1)
int , ∆E
(2)
int , and
∆E
(≥3)
int , respectively. The terms ∆E
QED
1el and ∆E
ScrQED
1el
denote the one-electron and screened QED contributions, re-
spectively. Finally, ∆Erec is the recoil correction. The to-
tal values obtained for all the potentials are presented in the
last column. For the calculations with the Coulomb poten-
tial two total values are given. The second one includes the
higher-order QED correction∆EQEDho evaluated using the re-
lated formula from Ref. [19]. Since the latter correction was
obtained for the Coulomb potential it can be included only
within the standard Furry picture. It is seen that while the
individual terms in Table I may differ from line to line, the
total values of the binding energies obtained for the different
potentials are in good agreement.
In the case of the Coulomb potential, the individual contri-
butions fromTable I have been comparedwith the correspond-
ing values obtained by Artemyev et al. [26]. It was found that
there exists a small discrepancy between the results for the
two-photon exchange and higher-order correlation contribu-
tions. This discrepancy is most pronounced for the ground
1s2 state, resulting in a slight systematic shift of our theo-
retical predictions for the L to K transition energies com-
pared to the results of Ref. [26], see the discussion below. We
note also that some additional small discrepancy was caused
by the employment of the different values of the fundamen-
tal constants (in the present work the CODATA 2014 recom-
mended values [59] were used: α−1 = 137.035 999 139(31)
andmec
2 = 0.510 998 9461(31)MeV).
From Table I, one can see that the addition of the correction
∆EQEDho , evaluated according to Ref. [19], to the Coulomb
results generally brings them closer to the calculations per-
formed using the effective potentials. However, it is not al-
ways the case. For instance, we found that with increasing the
nuclear charge numberZ the higher-order correction∆EQEDho
for the ground 1s2 state tends to shift the Coulomb value in the
opposite direction enlarging the difference between the results
for the Coulomb and effective potentials. The same trend was
4TABLE I. Individual contributions to the binding energies of He-like argon evaluated for the LDF, CH, and Coulomb potentials (in eV). For
the quasidegenerate states, the contributions to theH-matrix elements are listed. See the text for details.
State Potential ∆EDirac ∆E
(1)
int ∆E
(2)
int ∆E
(>3)
int ∆E
QED
1el ∆E
ScrQED
2el ∆Erec Total
(1s1s)0 LDF −8333.8755 −213.6274 −1.6935 0.0282 2.1897 −0.0311 0.1182 −8546.8913
CH −8247.8460 −299.9450 −1.3991 0.0218 2.1577 0.0017 0.1182 −8546.8906
Coulomb −8854.8313 310.2174 −4.5781 0.0241 2.2617 −0.1043 0.1182 −8546.8924
−8546.8915‡
(1s2s)0 LDF −5177.5501 −244.7647 −1.4258 0.0364 1.2349 0.0263 0.0746 −5422.3684
CH −5130.4476 −291.1887 −2.1248 0.0569 1.2178 0.0435 0.0746 −5422.3684
Coulomb −5535.4721 114.9964 −3.2476 0.0191 1.2834 −0.0233 0.0746 −5422.3694
−5422.3687‡
(1s2s)1 LDF −5177.5501 −265.8997 −0.6461 0.0108 1.2349 0.0345 0.0748 −5442.7409
CH −5130.4476 −312.3449 −1.3187 0.0261 1.2178 0.0516 0.0748 −5442.7409
Coulomb −5535.4721 92.7048 −1.3106 −0.0074 1.2834 −0.0144 0.0748 −5442.7414
−5442.7411‡
(1s2p1/2)0 LDF −5161.5906 −262.9518 −0.6571 0.0110 1.0907 0.0322 0.0661 −5423.9995
CH −5114.9856 −308.8632 −1.3673 0.0276 1.0748 0.0481 0.0661 −5423.9995
Coulomb −5535.4732 112.4409 −2.1328 −0.0233 1.1265 −0.0041 0.0660 −5423.9999
−5423.9996‡
(1s2p1/2)1 LDF −5161.5906 −258.5452 −0.9082 0.0213 1.0907 0.0331 0.0716 −5419.8274
CH −5114.9856 −304.4669 −1.6086 0.0384 1.0748 0.0490 0.0716 −5419.8274
Coulomb −5535.4732 117.2701 −2.8174 −0.0022 1.1265 −0.0033 0.0716 −5419.8279
−5419.8276‡
(1s2p3/2)1 LDF −5157.4858 −253.4334 −1.1585 0.0315 1.0997 0.0349 0.0770 −5410.8346
CH −5110.9757 −299.2801 −1.8393 0.0489 1.0836 0.0510 0.0770 −5410.8346
Coulomb −5530.6678 122.1620 −3.5615 0.0211 1.1371 −0.0030 0.0770 −5410.8351
−5410.8350‡
(1s2p3/2)2 LDF −5157.4858 −263.6602 −0.6620 0.0113 1.0997 0.0314 0.0660 −5420.5997
CH −5110.9757 −309.4647 −1.3843 0.0280 1.0836 0.0475 0.0660 −5420.5997
Coulomb −5530.6678 110.9057 −2.0088 −0.0259 1.1371 −0.0066 0.0660 −5420.6003
−5420.5998‡
off-diag. LDF 0 6.9732 −0.3520 0.0143 0 0.0023 0.0078 6.6456
CH 0 6.9471 −0.3264 0.0149 0 0.0023 0.0078 6.6456
Coulomb 0 7.6660 −1.0627 0.0322 0 0.0024 0.0078 6.6457
6.6455‡
‡ The higher-order QED correction∆EQEDho evaluated according to Ref. [19] is added to the total Coulomb value.
TABLE II. Differences between the ground-state binding energies
calculated with the effective potentials and the Coulomb poten-
tial. LDF and CH stand for the corresponding effective potentials.
The higher-order QED correction ∆EQEDho evaluated according to
Ref. [19] and the total combined QED-correlation effect obtained in
Ref. [70] are shown as well. All numbers are given in eV.
Z LDF CH ∆EQEDho QED-corr.
18 0.0011 0.0018 0.0009 0.0014(1)
22 0.0014 0.0023 0.0007
24 0.0006 0.0020(2)
26 0.0017 0.0028 0.0004
29 0.0020 0.0032 −0.0001
30 −0.0002 0.0026(3)
36 0.0026 0.0041 −0.0017
noticed in Ref. [70]. To illustrate this for the ground-state
binding energy of heliumlike ions, in the second and third
columns of Table II we show the difference between the re-
sults obtained for the effective potentials and the Coulomb po-
tential. In the fourth column the correction∆EQEDho is given,
whereas in the last column the combined correlation and QED
shift evaluated in Ref. [70] is presented. Although not ex-
actly equivalent, these three approaches serve to estimate the
higher-order QED contribution. One can see that our results
are generally in agreement with the data presented in Ref. [70]
and increase monotonically with Z , while the higher-order
correction∆EQEDho calculated according to Ref. [19] changes
the sign as Z grows.
The results for the LDF potential have been used as the fi-
nal values. Our theoretical predictions for the binding ener-
gies for all the n = 1 and n = 2 states in heliumlike argon,
titanium, iron, copper, and krypton are shown in Table III.
The energies of the 1s2p 1P1 and 1s2p
3P1 states are obtained
by diagonalizing the matrix H with the elements given by
the total values from the rows (1s2p1/2)1, (1s2p3/2)1, and
5TABLE III. Binding energies (with the opposite sign) for the n = 1 and n = 2 states in He-like ions (in eV).
Z 1s2 1S0 1s2s
1S0 1s2s
3S1 1s2p
3P0 1s2p
3P1 1s2p
1P1 1s2p
3P2
18 8546.8913(9) 5422.3684(3) 5442.7409(2) 5423.9995(2) 5423.3548(2) 5407.3072(5) 5420.5997(2)
22 12 874.8344(16) 8147.1092(5) 8172.8574(4) 8149.1938(4) 8147.8946(4) 8125.1879(7) 8141.0312(4)
26 18 105.8782(25) 11 437.8510(9) 11 469.2628(8) 11 440.3139(8) 11 438.2967(8) 11 405.4408(9) 11 423.5416(8)
29 22 630.0566(35) 14 282.8215(12) 14 318.7069(11) 14 285.5112(11) 14 283.0606(11) 14 239.0188(12) 14 258.7358(11)
36 35 232.6631(68) 22 206.1460(28) 22 253.3931(27) 22 209.1433(25) 22 206.5427(25) 22 118.1887(25) 22 141.7939(25)
TABLE IV. Energies of the x-ray transitions w(1s2p 1P1 → 1s
2 1S0), x(1s2p
3P2 → 1s
2 1S0), y(1s2p
3P1 → 1s
2 1S0), and z(1s2s
3S1 →
1s2 1S0) in heliumlike ions (in eV). The theoretical (Th.) results are compared with the experimental (Exp.) values. The results by Artemyev
et al. [26] are reevaluated using the CODATA 2014 recommended values of the fundamental constants [59].
Z w x y z Th./Exp. Year Reference
18 3139.5842(10) 3126.2917(9) 3123.5365(9) 3104.1504(9) Th. 2018 This work
3139.5823(4) 3126.2898(4) 3123.5346(4) 3104.1485(4) Th. 2005 Artemyev et al. [26]
3139.559(16) Th. 2018 Machado et al. [40]
3139.5927(76) Exp. 2018 Machado et al. [40]
3139.581(9) Exp. 2014 Kubicˇek et al. [37]
3104.1605(77) Exp. 2012 Amaro et al. [71]
3139.583(6) Exp. 2007 Bruhns et al. [60]
3139.552(36) 3126.283(36) 3123.521(36) Exp. 1984 Deslattes et al. [27]
3139.6(3) 3126.4(4) 3123.6(3) Exp. 1983 Briand et al. [72]
22 4749.6465(16) 4733.8032(16) 4726.9399(16) 4701.9771(16) Th. 2018 This work
4749.6444(6) 4733.8011(6) 4726.9376(6) 4701.9749(7) Th. 2005 Artemyev et al. [26]
4749.6521 4733.8167 4726.9524 4701.9846 Th. 2000 Cheng & Chen [25]
4733.83(13) 4727.07(10) 4702.078(72) Exp. 2014 Payne et al. [73]
4749.852(72) Exp. 2012 Chantler et al. [33]
4749.73(17) Exp. 1989 Beiersdorfer et al. [28]
26 6700.4373(25) 6682.3366(25) 6667.5814(25) 6636.6154(25) Th. 2018 This work
6700.4351(11) 6682.3343(11) 6667.5790(12) 6636.6130(13) Th. 2005 Artemyev et al. [26]
6700.4505 6682.3613 6667.6043 6636.6314 Th. 2000 Cheng & Chen [25]
6700.441(49) Exp. 2014 Kubicˇek et al. [37]
6700.549(70) 6667.671(69) Exp. 2013 Rudolph et al. [35]
6700.73(20) Exp. 1989 Beiersdorfer et al. [28]
6700.76(36) Exp. 1988 Aglitsky et al. [61]
6700.9(3) 6682.7(3) 6667.5(3) Exp. 1984 Briand et al. [74]
29 8391.0378(34) 8371.3208(34) 8346.9960(34) 8311.3497(34) Th. 2018 This work
8391.0354(17) 8371.3186(17) 8346.9934(17) 8311.3472(20) Th. 2005 Artemyev et al. [26]
8391.0590 8371.3560 8347.0283 8311.3739 Th. 2000 Cheng & Chen [25]
8390.82(15) 8371.17(15) 8346.99(15) 8310.83(15) Exp. 2015 Beiersdorfer & Brown [39]
8391.03(40) Exp. 1988 Aglitsky et al. [61]
36 13 114.4744(62) 13 090.8692(62) 13 026.1204(62) 12 979.2700(62) Th. 2018 This work
13 114.4712(41) 13 090.8664(41) 13 026.1172(42) 12 979.2663(56) Th. 2005 Artemyev et al. [26]
13 114.5051 13 090.9214 13 026.1660 12 979.3055 Th. 2000 Cheng & Chen [25]
13 114.47(14) 13 026.15(14) Exp. 2015 Epp et al. [38]
13 114.68(36) 13 091.17(37) 13 026.29(36) 12 979.63(41) Exp. 1996 Widmann et al. [62]
13 115.45(30) 13 026.80(30) Exp. 1986 Indelicato et al. [75]
“off-diag.” in Table I. The uncertainties were estimated by
summing quadratically several contributions. The first one
in addition to the numerical uncertainties of the second-order
two-electron terms includes the uncertainty due to the nuclear
size effect and the uncertainty due to uncalculated two-loop
one-electron QED corrections [17]. The second uncertainty is
associated with the uncalculated higher-order screening QED
contributions. Firstly, it was estimated considering the scatter
of the total values obtained in the calculations with the dif-
ferent potentials. If one took into account the correlation and
QED corrections to all orders, the total results would be fully
independent of the choice of initial approximation. There-
fore, the discrepancy between the different calculations pro-
vides the estimation of the uncalculated terms. For the ex-
cited states we took the maximum between the scatter for this
state and the scatter for the ground state divided by the fac-
tor of four which conservatively describes the scaling of the
QED effects for these states. Secondly, taking into account
6that the interelectronic interaction for highly charged ions can
be treated within the 1/Z perturbation theory we estimated
the uncalculated higher-order QED corrections by multiply-
ing the two-loop one-electron QED term for the 1s state by
the conservative factor 2/Z .
The n = 2 to n = 1 x-ray transition energies for the w,
x, y, and z lines are given in Table IV. They were obtained
by subtracting the ground-state binding energy from the bind-
ing energies of the excited states. In Table IV our theoreti-
cal predictions are compared with the results of the previous
calculations. Compared to the calculations by Artemyev et
al. [26], our estimation of the uncertainty due to the uncalcu-
lated higher-order QED corrections has been performed in a
more conservative way. There is a slight discrepancy with the
results from Ref. [26] for heliumlike argon and titanium. We
suppose that it is caused by an underestimation of the uncer-
tainty in the calculations performed in Ref. [26]. In addition,
the comparison with available experimental values is given in
Table IV. Our results are in agreement with the most recent
measurements [35, 37–40] of the x-ray transitions in middle-
Z heliumlike ions. The w(1s2p 1P1 → 1s
2 1S0)-line tran-
sition energy is plotted with selected experimental values in
Figs. 2(a)-(e). For convenience, the smaller energy regions,
encompassing both theoretical values, are zoomed for heli-
umlike titanium and iron. As one can see from Table IV and
Fig. 2(b), even though ab initio QED calculations have been
performed with the most advanced methods and all the pos-
sible sources of the theoretical uncertainty have been stud-
ied, the discrepancy between theory and the measurement by
Chantler et al. [33] for He-like titanium still persists.
Finally, since it was being discussed in the literature [38],
for heliumlike krypton we present our theoretical prediction
for the ratio of the w-line transition energy to the y-line tran-
sition energy, [E(w)/E(y)]Th = 1.006 7828(7). This value
is matching exactly with the one which can be derived from
the results by Artemyev et al. [26] and in good agreement
with the value measured in Ref. [38], [E(w)/E(y)]Exp =
1.006 780(7). This ratio gives the value of the w-line in en-
ergy units of the y-line independent of any energy calibration
and can be measured to a high precision. To date, the theoreti-
cal precision for this ratio in krypton is one order of magnitude
higher than the experimental one. The accuracy of the theo-
retical prediction can be further improved provided the more
precise measurement will be performed.
CONCLUSIONS
To summarize, we have performed ab initio QED calcula-
tions of the binding energies for all the n = 1 and n = 2
states in middle-Z He-like ions with the most advanced meth-
ods available to date. The n = 2 to n = 1 x-ray transition
energies are determined. The calculations merge the rigorous
QED treatment in the first and second orders of the perturba-
tion theory and the higher-order interelectronic-interaction ef-
fects evaluated within the Breit approximation. The obtained
x-ray transition energies are generally in good agreement with
the most recent high-precision measurements for heliumlike
ions. From the theoretical side, no possible explanations for
the considerable discrepancy with the w-line measurement in
Ref. [33] have been found.
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